The purpose of this paper is to study the preprojective partition of a hereditary artin algebra. For a hereditary algebra of finite representation type, we give some numerical invariants in terms of the length of chains of irreducible maps, also in terms of the length of the maximal indecomposable module, and the orientation of the quiver of the algebra. Similar results are given for algebras stably equivalent to hereditary artin algebras.
1. Introduction. Let A be an artin algebra (for instance a finite dimensional algebra over a field), and ind A the full subcategory of the category of the finitely generated left A-modules, consisting of the indecomposable finitely generated modules. M. Ausländer and S. O. Smalo proved in [8] that there is a unique collection of full subcategories {P¡}ieNUoo of ind A, where N denotes the nonnegative integers, having the following properties: (a) If A E P¡ and B <* A, then B E £, for all i. This uniquely determined collection {£,-},-eAfUo0 of subcategories of ind A is called the preprojective partition of ind A or the preprojective partition for A. Each P¡ {i < oo) is called the z'th preprojective class.
It follows immediately from the definition that P0 consists of the indecomposable projective A-modules. The dual notion is that of the preinjective partition which is denoted by {Z,},6Ar(j00 and again the Z,'s (i < oo) are called the preinjective classes. Also Z0 consists of the indecomposable injective A-modules.
We also recall that an indecomposable module M is preprojective if M G P¡ for some / < oo, similarly anN E ind A is preinjective if N G £_ for some/ < oo.
The purpose of this paper is to study the preprojective partition for the case A is a hereditary artin algebra. In this case we have the following algorithm due to G. Todorov [16] .
D.ZACHARIA Theorem 1.1. Let A be a hereditary artin algebra. Then an indecomposable nonprojective A-module Y is in Pj (/ < oo) // and only if both of the following conditions hold: (a) There exist an indecomposable X0 E P. , and an irreducible map X0 -» Y.
(b) For every irreducible map f: X -» Y with X E ind A,xeP-_, UP^.
Also, it was shown [6, 8] that if A is hereditary, the preprojective modules are the modules of the form Tr D'P with / a nonnegative integer and P EP0, and that the preinjective modules are the modules of the form DTtjI for/ nonnegative integers and I E Z0. We recall that D: mod A -» mod Aop denotes the ordinary duality for artin algebras and Tr * Ext^(, A) is the transpose. We must also point out that Auslander-Smalo's notion of preprojective modules coincides in the case of hereditary artin algebras with the original definition given by Dlab and Ringel [12] .
Let A be an arbitrary artin algebra of finite representation type. Then, there are finitely many preprojective and preinjective classes, so we may ask whether their numbers are equal. This is not true in general, there are counterexamples for the case A is given by a Brauer tree (Ch. Riedtmann [13] ) also when A is a quotient of a hereditary artin algebra (B. Rohnes [14] ). We shall prove that these numbers are equal if A is hereditary or stably equivalent to a hereditary artin algebra. It is also well known [12] that if A is a hereditary artin algebra of finite representation type, then there is a unique indecomposable of maximal length. We show that the length of this module equals the number of preprojective classes. The proof uses the fact that the number of preprojective classes does not depend on the orientation of A, as well as some results from the theory of root systems. An identical result holds for artin algebras stably equivalent to a hereditary artin algebra.
Let A be an artin algebra. Then, we can associate to A a nonzero two sided ideal [8] , a{A) -&rm{P¡ | i minimal such that £,-_, contains an injective module}.
If A is an indecomposable hereditary artin algebra of finite representation type, we shall construct a sequence of hereditary artin algebras of finite representation type in the following way: A = A0, A,,...,A" where A" is semisimple and A-= A-_,/a(A-_|). If we denote by ak = annPk{A), we show that each ai+j is the preimage ideal in A of a(A •). The ideals ann_P-(for each/) are completely determined as the trace ideals in A of certain specified projective A modules. Throughout this paper, A will denote a hereditary artin algebra. We will assume the basic results about almost split sequences, irreducible morphisms as well as the connection between the hereditary artin algebras and the representations of quivers (A>species). The reader will find the necessary details in the papers of M. Auslander and I. Reiten [1] [2] [3] [4] and Dlab and Ringel [12] .
We also use the following fact due to M. Auslander and M. I. Platzteck [6] : If M and N are two nonisomorphic indecomposable preprojective modules over a hereditary artin algebra, then every nonzero homomorphism /: M -> N is a (finite) sum of nonzero compositions of irreducible morphisms passing through indecomposable modules.
2. The special indexing of the simple modules. Applications. Let A be a hereditary artin algebra and S a complete set of nonisomorphic simple A modules Sx,...,Sn. We recall that there is a partial order on S defined in the following way: 5, < 5 if and only if HomA(P(5,), £(5,)) ¥= 0, where £(S,) and P{Sj) are the projective covers of S, and 5, respectively.
An admissable indexing of the simple A modules is an order preserving bijection a:
S-{1,2,...,»}.
We devote this section to defining a special admissible indexing of the simple A modules for a certain class of hereditary artin algebras. This will enable us to describe in more detail some properties of the preprojective partition and in particular to show that the number of preprojective classes equals the number of preinjective classes if A is of finite representation type. The way to define this special indexing is closely related to some general properties of partially ordered sets. We start with some definitions.
Definition, (a) A partially ordered set L is connected, if for every a, b E L, there exists a sequence a = ax, a2,... ,an = b of elements in L with the property that every two consecutive elements are comparable.
(b) Let £ be a connected partially ordered set and a, b E L. We can then consider a chain a = ax, a2,...,a" = b having the property that for each i, ai is either a successor or a predecessor of ai+,. This type of chain is called saturated.
(c) Let £ be a connected partially ordered set. L is said to contain a set of type Ak m with k ¥= m, if there is an a E L and a saturated chain of elements in L, a = ax, a2,...,an -a with the following properties: If k is the number of inequalities of the form a¡ < ai+, and if m is the number of inequalities of the form aj+x > a, for/' = 1,...,« -1, then m =£ k.
For the remainder of this section, all the partially ordered sets will be connected and will have the property that they do not contain any subset of the type Akm with fc#m.
Let L be such a partially ordered set and let a, b E L. Consider a saturated chain a = ax,...,a" = b. Then, define T) (a, b) -the number of inequalities of the type ai < ai+, in this chain, l{a, b) -r\{a, b) -r\{b, a). We note that, because of our assumption on L, l{a, b) does not depend on the choice of the saturated chain linking a to b.
If L is finite, we define K{L) = max{/(a, b) \ a, b E £}. Remarks. Let A be an indecomposable hereditary artin algebra, % the set of the nonisomorphic indecomposable injectives and 9 the set of the nonisomorphic projectives. Then ^ is a partially ordered set if we define I < / if and only if HomA(Z, /) ¥= 0. Similarly 9 is a partially ordered set if we define P < Q if and onlyif HomA(£, 0)^0. If A is a hereditary artin algebra, indecomposable and such that 9 does not contain any subset of the type Äk m with k =£ m, we define K{ A) = K{9) -K{fy).
Example. Since if A is of finite representation type, 9 corresponds to a Dynkin diagram (see Dlab and Ringel [12] ) it follows that in this case 9 does not contain any subset of the type Ak with k ¥= m.
For the remainder of this paper, A will be a hereditary artin algebra having the property that 9 does not contain any subset of the type Äkm. Therefore, if A is indecomposable, /(£, Q) is well defined for all indecomposable projectives P, Q and so is K{ A). Let S be a complete set of nonisomorphic simple modules.
Definition. We define layers £,,.. (c) For all simples S E £, and T E tp 1{P{S), P{T)) =j Proof, (a) and ( Proof. We only need to show that HomA(£(5), P{S')) ^ 0 implies that 1{P{S), £(S')) =£ 0. But HomA(£(S), P{S')) ¥= 0 means that there is a chain of irreducible maps from £(5) to P{S'). Therefore 1{P{S), P{S')) equals the length of that chain and we are done.
From now on, S = {S¡A will always denote a special admissible indexing of the simple A modules. Definition. Let A be a hereditary artin algebra. An indecomposable injective / is called maximal if there is no proper epimorphism J -I for an indecomposable injective/.
We recall the following: Lemma 2.5 [16] . I is a maximal injective if and only if soc I is projective.
Lemma 2.6. Let A be a hereditary artin algebra of finite representation type and let £, be the first preprojective class containing an indecomposable injective I. Then I is a maximal injective.
Proof. This is clear, since otherwise there exist an injective indecomposable/ and an epimorphism J -> I,soJ must lie in a preceding preprojective class.
For a hereditary artin algebra of finite representation type, let I and / be two indecomposable injectives with I G £, and / G P.. Define m{I, J) -j -i. Proposition 2.7. Let A be an indecomposable hereditary artin algebra of finite representation type and let I and J be two indecomposable injective A-modules. Then m{I, J) = 1{I, J).
Proof. If Z, /, K are indecomposable injectives, it is clear that m{I, J) -m{I, K) + m{K, J) so, since A is indecomposable it is enough to prove the equality for the case HomA(Z, J) =£ 0. In this case, there is a chain of irreducible maps through indecomposable injectives: I -» Z, -» • • • -> Ik = J. Since A is hereditary, all the irreducible maps are epimorphisms and, since there are k irreducible maps in such a chain 1{I, J) = k. Now, if I G £" Z, G Pi+X,... ,Ik EPi+k so m{I, J) = k, for m{I, J) = m{I, Ix) + m{Ix, I2) + ■ ■ ■ +m{Ik_x, Ik) and m{Ip Ij+X) = 1 for each/ (using Theorem 1.1) Proposition 2.8. Let A be an indecomposable hereditary artin algebra of finite representation type and let P0,... ,£A-,(A),... ,Pn be its preprojective partition, where P/cxA) denotes the first preprojective class containing an injective.
Then, for each j > 0,PK^A)+J contains an injective A-module.
Proof. Assume that the claim is false, that is there exist / > 1 and k > K'(A) such that the only injectives in Pk are simple injectives and there are no injectives belonging to £, for k + 1 <j < k + I -1.
We shall obtain a contradiction, and to prove it we shall use the illustration below. Since A is indecomposable, we can take the sequence I = L0, LX,...,LS = J with each £, an indecomposable injective and such that for each 0 <j <$ -1 we have irreducible maps £y -> LJ+X or Lj+X -* Lj. Let/, be minimal with the property that Lj is not in 68 but L, _, G &. But now, this means that there is an irreducible map L _, -* Lj and therefore L-EPk+x giving a contradiction to the choice of /.
Let A be an indecomposable hereditary artin algebra of finite representation type. Then it is obvious from 1.1 that K'{A) is the length of the shortest chain of irreducible morphisms linking a projective module to an injective one.
Using this observation we get:
Theorem 2.9. Let A be an indecomposable hereditary artin algebra of finite representation type and let p{A) and /(A) denote the number of preprojective and preinjective classes. Then p{A) = i{A) -K{A) + K'{A) + 1.
Proof. We show only that p{A) -K{A) + K'{A) + 1. The other equality follows by duality. Using the previous result, we see that/>(A) = K'{A) + the number of preprojective classes containing injectives. This latter is equal to 1 + max m{I, J) and since m{I, J) = 1(1, J) for every two indecomposable injectives (see 2.7), it follows thatp(A) = K'(A) + K($) + 1 = K'(A) + K(A) + 1.
Theorem 2.10 (The location of the injectives). Let A be an indecomposable hereditary artin algebra of finite representation type and S = {5, } be a special admissible indexing of the simple A-modules. Then, for each O^/ssAYA), the injectives appearing in Pk\a)+i are precisely the injective envelopes of 5/+1 for Proof. Let us first find the injectives in PK^A). l£P¡c(A) ^ an(^ onry m (I, J) > 0 for every injective /. This is equivalent to 1(1, J) > 0 for every injective /, and furthermore to l(P(socI), Q) > 0 for every indecomposable projective Q. The latter condition implies that soc I = S, , for a/, that is soc I G £,.
The rest of the proof follows a similar pattern.
3. Trace ideals, annihilators and composition factors. We shall use the results obtained in the previous section to define inductively a sequence of two sided ideals in A; bx C b2 C b3 C ■ • • C bK(A) with the property that for each i, A/b¡ is hereditary. Then, if A is of finite representation type we show that b¡ = arm £^,(A)+J for each i. Finally, we also describe which simples appear as composition factors for the modules in each preprojective class.
Lemma 3.1. Let A be an arbitrary artin algebra and S a simple A-module. If there exists a preprojective class £, (/' < oo) with the property that no modules in P¡ have S as composition factor, then the injective envelope of S is preprojective and lies in a Pj (j < ')• Proof. Under our assumption, I(S), the injective envelope of S, cannot be a quotient of a finite sum of modules in £,, so it must appear in a_£-, / < i.
We have the following corollaries: Corollary 3.2. Let A be an indecomposable hereditary artin algebra of finite representation type and S a simple A-module that is not a composition factor for any module in a £,. Then, for each I > i, S does not appear as a composition factor for any module in P,.
Corollary 3.3. Let A be an indecomposable hereditary artin algebra of finite representation type. Then, for each i < K'(A) and simple module S, S appears as a composition factor for some module in P¡.
Proof. Since Pk,{A) is the first preprojective class containing an injective A-module, the corollary follows immediately from 3.1. If there is an M inPJ+, such that S is a composition factor for M, then S is a composition factor for an indecomposable summand of I(M). Let us call this summand /. So, for a k, S is a summand of rkJ/rk+xJ. This means that there is an epimorphism from J onto I(S), that is I(S) is a quotient of a module in a P¡ (I >/). We obtain a contradiction and the corollary is proved.
Definition. Let 5 be a simple A-module. We say that 5 is a composition factor for a preprojective class £,, if there is a module in P¡ having S as a composition factor. Proof. We recall that we have shown that /(&,) GiV(A)+,-i for eacri !'< » < Zv(A), and 1 </<«,.
This fact and the previous result complete the proof. Let M be in £/r(A)+1, that is it does not contain any simple A-module of the form SkJ (1 < k *£ 0 as a composition factor. This means that Y[omA(P(Sk t), M) -0 using 3.6. Since for every A-module X, ann X = nKer{/|/:
A -» X), we see that b¡ E ann M for each M mPKXA)+i. This shows that b¡ C qK,(A)+i. Now we show the other inclusion.
We know that ñK'M+i c n (ann Z | Z G PKXA)+j n %■ for each/ > i) = ann{UZ 11 indecomposable injectives mPK.(A)+J, j > i].
But we have seen in 3.7 that these Z's are all the indecomposable injective A/b¡ modules and using the first inclusion we get: b¡ E aK,(A)+i E ann {LIZ 11 indecomposable injectives mPK-{A)+J, j > i) = ann A( A/b,) = b,.
So, this ends the proof of the theorem.
4. Invariants given by the preprojective partition. We show in this section that if A is a hereditary artin algebra of finite representation type, then the number of preprojective classes equals the length of the unique indecomposable module of maximal length. We use reduction to the case A is of radical square zero and the fact that the number of preprojective classes is invariant of the orientation of A. Using the same method, we show that p( A) = L + 1 where L is the length of the longest chain of irreducible maps with nonzero composition passing through indecomposable modules. First we recall some basic definitions and properties.
Definition. Let A be a hereditary artin algebra, £,,...,£" the nonisomorphic indecomposable projective A-modules. Let S -Px be a simple projective noninjective A-module and X=TtDSUP2U ■ • • U£". Let T = EndA(X)op. Then, the functor £: mod A -» mod T defined by £ = HomA( X, ) is called the left partial
Coxeter functor associated to 5. These functors have been first introduced by I. N. Bernstein, I. M. Gelfand and V. A. Ponomarev [10] and were also studied by V.
Dlab and C. M. Ringel in [12] , S. Brenner and M. C. Butler [11] . Here, we shall use the above description [9] .
It was shown by M. Ausländer, M. I. Platzteck and I. Reiten in [9] that T is a finite representation type if and only if A is, that T is also hereditary, and that if T = EkVa(X, S,), then £ is a simple injective T-module and Tr DF(I(S)) = T. In this context, we recall the following: Proposition 4.1 [9] . ( The proof of the theorem follows from the following proposition whose proof will be given later. 
where J is a summand of I(S)/S. Therefore, in mod T we have a chain of n irreducible maps linking F(Mn_x) to an injective T-module (£(/)), and this is the shortest such chain. Since F(Mn_x) is a projective T-module, and since i(T) -1 is the supremum of the lengths of the shortest chains of irreducible maps starting from projective T-modules and ending at injective T-modules (this follows from Theorem 1.1), it follows that /( A) < i(T). Proof. Follows from Theorem 1.1.
Definition.
Let A be a hereditary artin algebra and let M E P¡ (i < oo). M is called maximal in P¡, if there are no irreducible maps inside £, from M.
For instance, the maximal objects of £0 are the maximal projectives; also if I is injective in £, (i < oo), then I is maximal since every irreducible map from I is an epimorphism.
It was shown for an arbitrary artin algebra by M. Auslander and S. Smalo [8] that £, consists of the indecomposable modules of the form Tr DM where M\r, r being the radical of A. For a hereditary artin algebra, this means that P, consists of the modules of the form Tr DP with P indecomposable nonmaximal projective. We have the following generalization: Lemma 4.5. Let A be a hereditary artin algebra. Then, for each 1 < / < oo,Pi+x -{Tr DX\ X noninjective, maximal in P¡_x) U {TrZ>y| Y nonmaximal in £,}.
The proof of Proposition 4.3. We prove only (a) since (b) follows by duality. We recall that one of the assumptions of the proposition is that A is of finite representation type so that there are irreducible maps £ = P(Sk(A)+x •) -> •• • .-* S = SA(A)+I . Since S is a simple injective, it is enough to show the following claim in order to prove the proposition.
Claim. Let Q be a summand of rP. Then, for every k > l,TiDkP is in P2k and Tr DkQ is maximal in P2k_, (as long as Tr Dk~xP and TrDk~'g are not injective).
Proof of the Claim. Induction on k. k = 1. Since £ G £0 is maximal, Tr DP G £2 by 4.5 and Tr DQ E £,. If Tr DQ is not maximal in £,, then there is an irreducible map Tr DQ -* Tr DR in £, with R | rR' for some R, R' G £0. Now, there is an irreducible map Q -» R so we get /(£, £') = /(£, g) + /(g, £) + l(R, R') = -1 + 1 + 1 = 1 a contradiction to the fact that P = P(SK{A)+XJ). Assume that TrDk~xP E P2k_2 noninjective and that TrD*_1g as in £2jt"3 for each Q \ rP and is maximal there. So, by 4.5, Tr DkQ G P2k~x-Let us take the almost split sequence: 0 -» TrDk~xP -* £ -» TrDkP -* 0. Since every summand of £ has the form Tr DkQ with g | /;£, it follows that Tr Dk~lP EP2k_2 and is maximal so thatTrZ^PGZ^.
Next, we prove the proposition. We want to show that if we have a chain of irreducible morphisms £ -> Xx -> X2 -> ■ ■ ■ -> X" = S, then X, E P¡ for each /'.
Since Xx = Tr DQ for g | rP, it follows that Xx is maximal in £, by the claim and so X2 E P2. Next we have irreducible maps TrZKV, -» TrZ)^X2 -» TrZJ^+'A', and by the claim it must follow that Tr DjX2 is maximal in each preprojective class it belongs to, for each /. So, by induction it follows that X¡ is maximal in each preprojective class it belongs to, and now the proposition follows. Now we go on to prove our assertion about the maximal module. First we construct the preprojective partition for a hereditary artin algebra with radical square zero. We need first two lemmas. Their proof are straightforward and will be left to the reader. Lemma 4.6. Let A be a hereditary algebra with radical square zero. Then, for each 0 < / < oo, HomA(X, Y) = 0 for every nonisomorphic X, Y in £,.
Proof. Since there are only simple and maximal projectives, £, consists of TrZ)5 (for 5 simple projectives) and using also Lemma 4.5, we get that each module in £, is maximal in £, for every /' > 1. Since by [4] every nonzero morphism /: X -> Y is a sum of compositions of irreducible maps, the lemma follows.
If A is an indecomposable hereditary artin algebra of finite representation type with r2 -0, then K(A) = 2 and thus the last preprojective class Pn contains all the simple injectives, and thus £"_, consists of the maximal injectives, that is of the injectives whose socles are projective.
Lemma 4.7. Let A be an indecomposable hereditary artin algebra of finite representation type with radical square zero, and let P, Q be maximal projectives. Let i be such that Tr D'P is injective. Then Tr D'Q is also injective and lies in the same preprojective class as TtD'P.
Let A be a hereditary artin algebra of finite representation type. If A is indecomposable, it was shown by Dlab and Ringel [12] that there is an equivalence between mod A and the category of representations of /c-species corresponding to a Dynkin diagram. So we can talk about the Coxeter transformation associated to the hereditary artin algebra A. (See [12] .) Lemma 4. 8 (G. Todorov [16, Proposition 3.4.3] ). Let A be an indecomposable hereditary artin algebra of finite representation type. Then, there exist P, Q indecomposable projectives such that:
TTD"'P = I(Q/rQ), TrD"2Q = I(P/rP) and ax + a2 + 2 -r where r is the order of the Coxeter transformation.
Using the results of Dlab and Ringel and a basic result from the theory of root systems (namely that 1 + h(R) -h where h is the order of the Coxeter elements and h(R) is the height of the highest root), we have Proof. Since it is well known that the order of the Coxeter transformation, and thus the length of the maximal module is an invariant of the orientation of A, and so is p( A) by 4.2 and 2.9, it is enough to prove the theorem for the case A has radical square zero. So, we know by 4.8 that we can find two indecomposable projectives Px and £2 and two indecomposable injectives Z, = I(Px/rPx) and Z2 = I(P2/rP2) such that Tr£)0l£, = Z2 and TrZ)°2£2 = Z,. We have to distinguish between three cases: (a) Both Px and £2 are simple projectives. (b) Both £, and £2 are maximal projectives.
(c) One of them is a simple projective, the other is a maximal projective. (a) In this case both Z, and Z2 must be maximal injectives. So by a trivial analogue to Lemma 4.7, ax -a2 and they both he in £"_, where p(A) -n + I. But then £, G £0, Tr DP¡ E £,, Tr D2Pi E £3, etc. for each i= 1,2. By counting the preprojective classes we get 2a, + 1 = p( A) and since a, = a2 we get 2a, + 2 = p( A) + 1 = t for each /' orp(A) -t -1 = L(M).
(b) is similar to (a) .
(c) Assume for example that £, is maximal projective and that £2 is a simple projective. Then Z, is a simple injective and Z2 is a maximal injective. If p( A) = n + 1, we have TrZ>£2G£,,TrZ>2£2 G £3,..., TrD°2£2 G £", and TrZ)£, EP2,TtD2Px EPa,...,TtD"'Px G£"_,.
Again, if we count the classes we get: 2a2 = n + 1 and 2a, = n -1 and 2(a2 + a,) = 2« or a2 + a, + 1 = n + 1 = />(A). On the other hand a, + a2 + 2 = t = £(Ai) + 1 and we are done. Using the correspondence with the Dynkin diagrams we have the following The following result was suggested by Idun Reiten. Proof. Since/>(A) was shown (4.2 and 2.9) to be an invariant of the orientation of A, it is enough to show that £(A) is also an invariant of the orientation and prove the equality for the case r2 = 0, where it becomes trivial due to 4.6.
Let 5 5. Artin algebras stably equivalent to a hereditary artin algebra. Let A and T be two artin algebras. We recall that A, T are stably equivalent if the categories mod A and mod T are equivalent, where mod A denotes the category mod A modulo the morphisms factoring through a projective module. Using the equivalences TtD: mod A -» mod A, where mod A is mod A modulo the morphisms factoring through an injective module, we see that if A and T are stably equivalent, then mod A and mod T are equivalent categories. Throughout this section A denotes an artin algebra stably equivalent to a hereditary artin algebra T. First we recall some basic results.
For details, see [3, 5, 7, 8] .
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use (c) Assume that T is Nakayama. Let P be the indecomposable projective injective T-module i.e. the T-module of maximal length. Then (i) A is Nakayama.
(ii) There is a projective injective A-module Q with the property that L(P) = L(Q) and Q is the unique A-module of maximal length.
As a trivial consequence we get Corollary 5.8. Let A be an artin algebra of finite representation type, stably equivalent to a hereditary artin algebra T. Let M be the unique indecomposable T module of maximal length. Then (a) There is a unique indecomposable A-module X of maximal length L(X) = L(M).
(b) Let X be the module of maximal length in mod A. Then X-F(M) and L(X)=p(A). 
